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Abstract 
One problem is that managers and experts to decide how to choose the best option among several 
options according to the decision criteria.In this paper we propose a new Analytic hierarchy process is a 
decision support tool which can be used to solve complex decision problems and also a new multi criteria 
decision making involves a series of techniques that allows a range of criteria related a topic in a pair-wise 
comparison matrices are rating and weighting, then ranked. In this paper a special SW Microsoft Excel 
add-in named VISIO and MATLB were use. 
 
Keywords:  Fuzzy  numbers;  Multi  criteria  decision  making;  Analytic  hierarchy  process;  Trapezoid;  Pair-wise 
comparisons. 
 
  Introduction 
The Analytic Hierarchy Process (AHP) is a multi-criteria decision-making approach and was introduced 
by  Saaty  [5,  6].  The  AHP  has  attracted  the  interest  of  many  researchers  mainly  due  to  the  nice 
mathematical properties of the method and the fact that the required input data are rather easy to obtain. 
The AHP is a decision support tool which can be used to solve complex decision problems. Multi criteria 
decision making (MCDM) is a collection of methodologies to compare, select, or rank. In this paper we 
propose a new method for solving fuzzy multi criteria decision making problems. In this method between 
fuzzy trapezoidal pair-wise comparison matrix and weights is minimized. In contrast  [7], who used a 
functional, [9, 10], applied a modification of this well known logarithmic least square method and we also 
developmental logarithmic least squares method. Analytic Hierarchy Process (AHP) is  a multi criteria 
decision making approach and was introduced by  [5]. Later on in [4] extends the Analytic Hierarchy 
Process (AHP) and generalization to dependence and feedback, the Analytic Network Process (ANP), are 
methods of relative measurement of tangibles and intangible. The AHP/ANP is particularly useful in group 
decision  making  and  for  handing  large  scale  multi  criteria  decision  problems  common  in  business, 
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industry, and government. Here, we propose a relatively simple method based on the original approaches 
by Buckley [1] and Van Laarhoven [7]. Despite the popularity and efficiency AHP, decision-makers often 
have  been  criticized  because  of  not  considering  uncertainty  and  confidence  in  the  perceptions  and 
judgments   of subjective and the other criteria are usually related to each in the real world. In this paper we 
propose a new approach to the problem of uncertainty in pair-wise matrices by trapezoidal fuzzy numbers. 
The values of the pair-wise comparison in the AHP are determined according to scale introduced by Saaty 
[3]. According to this scale, the available values for the pair-wise comparisons are member of the set: {1/9, 
1/8, 1/7, 1/6, 1/5, 1/4, 1/3, 1/2, 1, 2, 3, 4, 5, 6, 7, 8, 9}. Here, we extend this scale to the close interval [1/σ, 
σ], where σ is arbitrary positive number greater than 1. So that using logarithmic least squares method and 
calculate the weight of scales in the form of trapezoidal fuzzy number and the best choice we have solve 
problem  of  dependency.  Evaluating  the  criteria  individually  without  taking  into  account  dependency 
between the  criteria the result  may become  misleading. In this paper the dependence among decision 
criteria  solving  the  inverse  matrix  problem  by  approximating  it  with  the  first  few  terms  of  Taylor 
expansion. To consider then find the center of gravity and high center of gravity is optimal choice.  
The paper is structured as follows. Section 2, Analytic hierarchy process and computing fuzzy evaluations 
of the variants, in Section 3, arithmetic operations to fuzzy numbers and pair-wise comparison matrices 
with trapezoidal fuzzy elements are introduced, and in Section 4, we describe an algorithm for calculating 
the best variant, in Section 5, we introduce in consistency index for trapezoidal fuzzy pair-wise comparison 
matrices and finally, in section 6, we analyze an 3 illustrating example decision making situation with 3 
decision criteria and 3 variants. 
  Computing fuzzy evaluations of the variants  
For the convenience of analysis, some basic concept and definitions on fuzzy number are needed. They 
are stated as follows. 
 
Definition 2.1 
 Let   is a universe set. A fuzzy set   of   is defined by a membership function           , where      , 
       , indicates the degree of   in  . 
 
Definition 2.2  
A fuzzy subset   of universe set   is convex if and only if                                       , 
        ,           . 
 
Definition 2.3 
 If    w a a a a A ; , , , 4 3 2 1  is trapezoidal fuzzy number, the membership function of it is 
       
{
 
 
 
 
    
     
                        
                                 
    
     
                        
                                     
                
where                  satisfy                           but will not satisfy                       at the 
same time. If           then the trapezoidal fuzzy number becomes triangular fuzzy number. In this paper, 
for fuzzy centrals, we use the central calculated formula of fuzzy number in definition given by [8]. 
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where      and      are the left and right membership functions of fuzzy number                 . In 
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Let     the       matrix weighting of the criteria, i.e.      [
     
 
     
] and    be the       matrix  
     [
                     
     
                     
] . 
The columns of this matrix are evaluations of variants according to the criteria. If you have any feedback 
on the criteria we use the following formula: 
         . 
Consider now the dependences among the criteria. The interdependences of the criteria are characterized 
by      , 
     [
                   
     
                   
].                                                                                           (2) 
And                 as the influence of    onto itself is zero. Moreover,       elements of this vector of 
weights form the vector 
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,                                                                                                                  (3) 
Where the elements of      are calculated from the following                   pair-wise comparison 
matrix 
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,                                                            (4) 
for all            and         . In [4], it has been shown that if the sum of every column of matrix [
  
  
] 
is equal to one, then 
                   .                                                                                                               (5) 
Usually, the matrix    is close to the matrix with zero elements and dependences among criteria are weak, 
it can be approximated by the first few terms of Taylor’s expansion 
                        
     ,                                                                                             (6) 
then, 
                  
      
    ,                                                                                              (7) 
In the next section, formula (7) will be used for computing fuzzy evaluations of the variants. 
 
3  Fuzzy number and trapezoidal fuzzy matrices 
A trapezoidal fuzzy number   can equivalently expressed by a quaternary of real number, i.e. 
                   , 
where    is the Lower number;     is the left Middle number;     is the right Middle number and    is 
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It is well known that the arithmetic operations       and   can be extended to fuzzy numbers by the 
extension  principle,  (see  e.g.  [1]).  In  case  of  trapezoidal  fuzzy  numbers                       and 
                   ,       ,       , we use special formulae 
  ̃  ̃  ̃                                        ,                                                   “Addition”, 
  ̃  ̃  ̃                                        ,                                               “Subtraction”, 
  ̃   ̃   ̃                                        ,                                              “Multiplication”, 
  ̃  ̃  ̃                                  ,                                                             “Division”. 
If all elements of a       matrix   are trapezoidal fuzzy numbers we call   the matrix with trapezoidal 
fuzzy elements and this matrix is composed of a quaternary as follows: 
  ̃   [
    
      
      
      
          
      
      
      
   
     
    
      
      
      
          
      
       
       
   
].                                                       (8) 
Particularly, let   be a       matrix with trapezoidal fuzzy elements. We say that   is reciprocal, if the 
following is satisfied:   ̃         
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4  Algorithm 
The proposed method of finding the best variant can be characterized in the following three steps:     
1.  Calculate the trapezoidal fuzzy weights from the fuzzy pair-wise comparison matrices. 
2.  Calculate the aggregating trapezoidal fuzzy evaluations of the variants. 
3.  Find the "best" variant. 
Steps 1: Calculate the trapezoidal fuzzy weights from the fuzzy pair-wise comparison matrices. 
We assume that both the importance of the criteria and values of the criteria and also the feedback between 
the  criteria  are  given  by  the  fuzzy  weights  calculated  from  the  corresponding  pair-wise  comparison 
matrices with trapezoidal fuzzy elements. 
Let   ̃ be a       reciprocal pair-wise comparison matrix with fuzzy elements (9). Following [2,7], we shall 
calculate fuzzy vectors of trapezoidal fuzzy weights   ̃    ̃      ̃ , such that a special distance between   ̃ 
and weights   ̃    ̃      ̃  is minimized. In contrast to [2], who used a functional 
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    , 
Here, we use the generalized mode function method for calculate    
    
     
     
   and consider the 
derivatives are zero because the optimization problem: 
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(10) 
Subject to 
  
      
       
       
     ,             .                                                                       (11) 
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Where, coefficients               are suitable positive constants satisfying the following requirements. 
First,  we  want  middle  values    
  ,    
    of  the  fuzzy  weights    ̃       
    
     
     
   satisfy  the 
normalization condition, i.e. ∑ (  
       
  )      
    . Hence, from normalization condition and (12) we 
obtain: 
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From (11) and (12) we obtain:  
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Second, we want to get fuzzy weights with fuzzy minimum size: 
       
      
 .                                                                                                                         (15) 
Therefore, by (13) and (14) we choose the resulting weights as follows: 
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If    ̃  was  a  crisp  matrix,  i.e.     
       
        
        
   for  all     ,  then                 ,  hence    
   
   
       
       
   for all  , and the solution-weights are crisp, too. 
 
Remark.1 
The advantage of our approach is that it smaller spreads of fuzzy numbers have been the result of the 
calculations. This fact follows from the following inequalities: 
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  , for all    . 
Step 2: Calculate the aggregating trapezoidal fuzzy evaluations of the variants.  
Calculating trapezoidal fuzzy weights as the inverse of the matrix, then we do a cumulative assessment of 
trapezoidal  fuzzy  variable.  For  this  purpose  we  use  formula  (6)  applied  to  reciprocal  matrices  with Journal of Soft Computing and Applications                                                                                                                                                        6 of 12 
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trapezoidal fuzzy elements. We calculate either   ̃     ̃   ̃ . If there is no feedback among the criteria, or 
  ̃     ̃     ̃  ̃      ̃ 
      ̃ 
    ̃  , if there is feedback among the criteria. Here,   ̃  is the vector of fuzzy 
weights of the individual criteria and the columns of matrix   ̃  are fuzzy evaluations of variants according 
to the criteria.   ̃  is calculated according to (2)-(4).  
Step 3: Select the best variant. 
In the second stage of our variables were calculated as fuzzy numbers, i.e. by the above formula we obtain 
m trapezoidal fuzzy numbers (  
    
     
     
 )   (  
     
     
     
 ). Finally, we calculate of ranking 
fuzzy variables. As the set of trapezoidal fuzzy numbers id not linearly ordered we have to use some 
ranking  methods.  There  exist  a  number  of  sophisticated  methods  for  ranking  fuzzy  numbers,  for  a 
comprehensive review of ranking methods see e.g. [2,10]. The first method for ranking a set of trapezoidal 
fuzzy numbers used to calculate   
  from the trapezoidal center with corresponding membership  ̃     
       , evidently, it holds 
  
   
  
    
     
     
 
  .                                                                                                                (21) 
The next ranking methods that is we get the trapezoidal sides of the linear equation and place in formula 
(1). Notice that all above mentioned ranking methods coincide with the usual ordering of real numbers if 
the variants are crisp. 
 
5  Inconsistency 
One of the most practical issues in the AHP methodology is that it allows for slightly non-consistent 
pair-wise comparisons. If all the comparisons are perfectly consistent, then the following relation should 
always  be  true  for  any  combination  of  comparisons  taken  from  the  judgment  matrix:               . 
However,  perfect  consistency  rarely  occurs  in  practice.  In  the  AHO  the  pair-wise  comparisons  is  a 
judgment matrix are considered to be adequately consistent if the corresponding consistency ratio (  ) is 
less than 10٪ [3,9]. The    coefficient is calculated as follows. First the consistency index (  ) needed to 
be estimate. This is done by adding the columns in the judgment matrix and multiply the resulting vector 
by  the  vector  of  priorities  (i.e.,  the  approximated  eigenvector)  obtained  earlier.  This  yields  an 
approximation of the maximum eigenvector, denoted by     . Then, the    value is calculated by using 
the formula:     
        
    . Next the consistency ratio    is obtained by dividing the    value by the 
Random consistency index (   ) as given in Table 1. Consider the following example: 
  ̃   [
     
 
  ⁄    
 
  ⁄  
  ⁄  
], 
        
    ⁄ ,           , and           . If the    value is greater than     , then it is a good idea to 
study the problem further and re-evaluate the pair-wise comparisons. 
 
Table 1:     values for different values of  . 
   1  2  3  4  5  6  7  8  9 
     0  0  0.58  0.90  1.12  1.24  1.32  1.41  1.45 
 
Construction of an inconsistency index of the reciprocal matrix with trapezoidal fuzzy elements is based on 
the idea of the matrix to the "ratio" matrix measured by a particular metric function. Let   be a set of 
       matrices  with  trapezoidal  fuzzy  elements,  and  let     be  a  real  function  defined  on       ,  i.e. 
            satisfying the three assumptions: 
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 (ii) If  (  ̃   ̃)      then   ̃     ̃. 
(iii)  (  ̃   ̃)       ̃   ̃        ̃   ̃  for all   ̃   ̃   ̃    . 
Then   is called the metric function on  . 
Let    ̃   {
  ̃ 
  ̃ 
}              ,  be  a  ratio  matrix  with  positive  trapezoidal  fuzzy  numbers    ̃   
(  
    
     
     
 ) . 
The vector of positive trapezoidal fuzzy numbers     ̃      ̃    ̃      ̃   is called the vector of fuzzy weights 
if  
∑ (  
       
  )      
    .                                                                                                             (22) 
Given   ̃   {  ̃  }          reciprocal matrix with trapezoidal fuzzy elements        , where the support 
Sup (  ̃  )       [    ⁄   ]      ,   ̃     (   
      
      
      
 )               and let   and   be metric 
functions on  . New inconsistency index of   ̃ is designed in two steps: 
Step 1: Solve the following optimization problem: 
    ̃   ̃       ;                                                                                                                       (23) 
Subject to 
∑ (  
       
  )      
    ,         
      
       
       
     ,              ,                              (24) 
where   ̃   {
  ̃ 
  ̃ 
}   ̃    (  
    
     
     
 ). 
Step 2: Set the inconsistency index    of   ̃ as 
  (  ̃)      { (  ̃   ̃)   ̃                               }.                                            (25) 
 
Remark.2  
1.  In the first step, the vector of fuzzy weights   ̃      ̃    ̃      ̃   such that the corresponding ratio 
matrix   ̃ closest to the original matrix   ̃ is calculated. 
2.  In the second step, the new inconsistency index is defined as the smallest distance between an 
eventual optimal solution of the first step and original matrix   ̃. 
3.  If   ̃ is crisp positive reciprocal matrix, then   ̃ is consistent iff   (  ̃)    . 
4.  By  the  above  described  two-step  procedure  the  class  of  inconsistency  indices  is  defined 
depending on metric functions and  . Moreover,   from the first step need not be same as   
used in the second step. 
Now  we  specify  the  above  mentioned  two-  step  procedure  by  setting  particular  formulae  of  metric 
functions  and  : 
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Where   is a "normalizing" constant (see below). 
Now we introduce a particular inconsistency index (25) which will be suitable for measuring consistency 
of reciprocal matrices with fuzzy trapezoidal elements. 
For  a  given  scale      [    ⁄   ]      ,  we  define  an  inconsistency  index     
    ̃   of         reciprocal 
matrix   ̃ with fuzzy trapezoidal elements as follows: Journal of Soft Computing and Applications                                                                                                                                                        8 of 12 
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Where   
    
     
     
   are given by (23), (24), (26) for all            and 
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We say that   ̃  is F-consistent if     
 (  ̃)    , otherwise,   ̃  is F-inconsistent. It can be easily shown that 
  
  is a "normalizing" constant. Particularly, if   ̃ is an       reciprocal matrix with trapezoidal fuzzy 
elements evaluated from the scale [    ⁄   ], than        
 (  ̃)    . 
Example.1  
Consider crisp       reciprocal matrix with trapezoidal fuzzy elements from the scale [ 
  ⁄   ]: 
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Here,      ,      , then     (
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       . By a way similar to (25), we obtain 
  
  
         
    
       
 
 
          .  And       
  
  
       
    
         
  
          .  Hence,        {|
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                   . By (28), (30) we obtain    
         . 
 
6  Illustrating case study 
In this section we analyze an illustrating example-decision making situation with 3 decision criteria and 
3 variants. The approach in the world that has for cooperation and use each other's capacities and abilities. 
Suppliers should be selected according to specific principles and criteria. In this article we will try to have 
an efficient model for strategic supplier selection. A network analytic method is used to obtain the relative 
weights of criteria in order to respect the criteria of dependence. The proposed model is applied to rank 
suppliers according to their overall performance with regard to the criteria of dependence, is observed in 
the experimental study. We apply our  method, i.e. the algorithm described  in sect. 4, for solving the 
decision problem. Here, based on the same arguments as in the classical Saaty's method, we use the scale-
interval [ 
  ⁄   ] for evaluating preferences between alternatives. We apply, however, trapezoidal fuzzy 
numbers,  and  also  for  comparison  our  fuzzy  approach  with  non-fuzzy  one,  we  use  also  non-fuzzy 
evaluations in the pair-wise comparisons without feedback. 
Step 1: calculate the corresponding values of the geometric mean aggregation of generalized, using data on 
the relative importance of criteria in a paired comparison matrices. 
Criteria Comparison 
Criteria  Crit 1  Crit 2  Crit 1 
Crit 1  1  1  1  1  1  2  3  4  2  3  6  7 
Crit 2  0.25  0.33  0.5  1  1  1  1  1  2  3  5  6 
Crit 3  0.14  0.16  0.33  0.5  0.16  0.2  0.33  0.5  1  1  1  1 Journal of Soft Computing and Applications                                                                                                                                                        9 of 12 
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By (16)-(19) we calculate the corresponding trapezoidal fuzzy weights, i.e. the relative fuzzy importance of 
the individual criteria: 
  0.166  0.239  0.400  Criterion 1:W(  ) 
  ̃ =  0.105  0.131  0.179  Criterion 2:W(  ) 
  0.037  0.042  0.063  Criterion 3:W(  ) 
The  character  of  all  three  criteria  is  qualitative;  they  are  evaluated  by  pair -wise  comparisons  with 
trapezoidal fuzzy values in the following 3 pair-wise comparison matrices: 
Evaluation of Variants According to Individual Criteria: 
  Var 1          Var 2        Var 3     
Var 1  1  1  1  1  2  3  5  7  4  5  7  8 
Var 2  0.14  0.20  0.33  0.50  1  1  1  1  1  2  3  5 
Var 3  1  2  3  4  0.20  0.25  0.5  1  1  1  1  1 
                                           
 
  Crit 1  Var 1        Var 2        Var 3     
Var 1  1  1  1  1  1.4  1.3  1.2  1  1.4  1.3  1.2  1 
Var 2  1  2  3  4  1  1  1  1  1  2  4  5 
Var 3  1  2  3  4  0.20  0.25  0.5  1  1  1  1  1 
                                           
  Crit 1  Var 1        Var 2        Var 3     
Var 1  1  1  1  1  1.4  1.3  1.2  1  2  3  5  6 
Var 2  1  2  3  4  1  1  1  1  1  2  4  5 
Var 3  0.16  0.2  0.33  0.5  0.20  0.25  0.5  1  1  1  1  1 
                                           
The corresponding fuzzy matrix   ̃  of fuzzy weights-evaluations of variants according to the individual 
criteria is calculated by (16)-(19) as 
  0.24  0.29  0.39  0.46  0.04  0.04  0.06  0.10  0.11  0.13  0.18  0.25 
  ̃     0.06  0.08  0.12  0.16  0.10  0.15  0.23  0.27  0.13  0.22  0.32  0.37 
  0.03  0.04  0.05  0.07  0.05  0.08  0.11  0.15  0.04  0.05  0.07  0.11 
                                           
 
The data for evaluations of fuzzy feedbacks between the criteria are given in 3 pair -wise comparison 
matrices   , see formula (3), however, with fuzzy trapezoidal elements.  
 Journal of Soft Computing and Applications                                                                                                                                                        10 of 12 
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  Crit 2            Crit 3     
  ̃     1  1  1  1  2  3  5  7  Crit 2 
  0.14  0.20  0.33  0.50  1  1  1  1  Crit 3 
  Crit 1            Crit 3     
  ̃     1  1  1  1  1  2  5  5  Crit 1 
  0.2  0.25  0.5  1  1  1  1  1  Crit 3 
 
  Crit 1            Crit 2     
  ̃     1  1  1  1  2  4  4  5  Crit 1 
  0.2  0.25  0.25  0.50  1  1  1  1  Crit 2 
                               
 
By using (16)-(19) we again obtain the corresponding fuzzy weights and arrange these weights into the 
fuzzy feedback matrices   ̃ . There are zeros in the main diagonal as we do not expect an impact of the 
criterion on itself: 
  0  0  0  0  0.23  0.29  0.37  0.4  0.28  0.35  0.35  0.38 
  ̃     0.28  0.32  0.38  0.43  0  0  0  0  0.13  0.14  0.14  0.17 
  0.11  0.13  0.15  0.17  0.13  0.14  0.18  0.23  0  0  0  0 
                                           
 
Step 2: Calculate the aggregating trapezoidal fuzzy evaluations of the variants. 
For  this  purpose  we  use  the  approximate  formula  (7),  applied  for  matrices  with  the  elements  being 
trapezoidal fuzzy-with the normalized columns: 
  ̃                 
      
    .                                                                                            (31) 
Step 3: select the "best" variant-rank the variants. 
In Step 2 we calculated the trapezoidal fuzzy vector by (31), 
  ̃   (  ̃    ̃    ̃ )   (   
    
     
     
      
    
     
     
      
    
     
     
  ). 
                  Center of Gravity  Rank 
     Var 1  0.32  0.38  0.43  1  0.6  1 
  Var 2  0.13  0.15  0.17  0.93  0.55  2 
  Var 3  0.08  0.32  0.5  0.51  0.54  3 
Step 4: Find the best variant-rank the variants. 
Ranking or ordering things according to preference is a purely human activity. On the other hand, ranking 
according to importance or likelihood is a more scientific or objective activity in which one attempts to Journal of Soft Computing and Applications                                                                                                                                                        11 of 12 
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project what can happen in the natural world. Nature has no predetermined rank for the preference of 
alternatives on specially chosen criteria of its own. It is people who establish the criteria and make their 
ranking  on  these  criteria.  Ranking  alternatives  on  a  single  criterion  involves  use  of  the  senses  and 
elementary reasoning and scientific measurement. By (21) the variants are ranked from the best to the 
worst. Variable has the highest center of gravity, is assessed as the variable. However, this problem can be 
solved using the non-fuzzy self-assessment in the pair-wise and without feedback among the criteria. Just 
consider the sum middle values in trapezoidal fuzzy numbers, i.e. 
  0.584  Criterion 1:W(  ) 
  =  0.310  Criterion 2:W(  ) 
  0.105  Criterion 3:W(  ) 
And by   ̃     ̃   ̃  and with formula (21) we obtain the crisp evaluations of the variants: 
      Rank 
  Var 1  0.30  2 
 =  Var 2  0.32  1 
  Var 3  0.29  3 
High center of gravity has the highest rank and is assessed as the best variable. 
 
7  Conclusion 
The  ANP  is  a  useful  way  to  deal  with  complex  decisions  that  involve  dependence  and  feedback 
analyzed in the context of benefits, opportunities, costs and risks. The real dependence between the criteria 
and may change variable as in the overall rankings. One problem is that managers and experts to decide 
how to choose the best option among several options according to the decision criteria.In this paper we 
proposed a new Analytic hierarchy process is a decision support tool which can be used to solve complex 
decision problems and also a new multi criteria decision making involves a series of techniques that allows 
a range of criteria related a topic in a pair-wise comparison matrices are rating and weighting, then ranked. 
In this paper a special SW Microsoft Excel add-in named VISIO and MATLB were use. 
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